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Motivation

Tsunami
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The Problem of Scales
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Tsunami

0
4 (v-V)v+ gV =R

ot
on
E-I-V-(HV) = (.

R=—fkxv—rH 'v|v|+ H'V(K,HVv)

Terms:
= Coriolis
- Bottom friction
- Viscosity (Smagorinsky approach)
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Pollutant Dispersion

Advection-Diffusion-Reaction Eq.

d
6—§+V-(Vp)+v-(wp)=0







Multiple scales in plume dispersion

Total Area affected

Forest fire/ industrial single source: O(10°m?)

Local concentration extremes

Converging/diverging advection: @(10%m?)

Chemical reactions

Sedimentation, etc.: O(10~'m?)

O(10**) unknowns



The Problem of Scales

Tides

Ocean-wide range: O(10"m) x O(10"m)

Tsunami wave propagation

Deep ocean wave length: O(10°m)

Near-shore wave behavior

Shoaling effect: O(10°m)

Inundation (parameterized - no buildings, etc.)
Inundation: O(10m) x O(10m)

On uniform grid: 102 grid points
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Upscaling

- Resolving small scale
- Parameterization
- Neglecting small scale
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Two Aspects
of Multiscale Methods

Adaptive Meshes
Down-Scaling

+ Resolve?
« Parameterize?
« Efficiency?

Subgrid-scale Representation
Up-Scaling

+ How to deal with small-scale features?




Adaptive Meshes
Down-Scaling

(Tohoku event 2011, Hayes et al.)
visualized using the UGRID Reader and ParaView

Tsunami simulation -k i .
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Numerical simulation:
Stefan Vater, Jorn Behrens

Visualization: Felicia Brisc

(C) CEN/University of Hamburg




Down-Scaling

Tsunami simulation ' 7 ——
(Tohoku event 2011, Hayes et al.) F &’ !
visualized using the UGRID Reader and ParaView - os 4
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Numerical simulation:
Stefan Vater, JOrn Behrens

Visualization: Felicia Brisc

(C) CEN/University of Hamburg




Subgrid-scale Representation
Up-Scaling

How to deal with small-scale features?
Resolve? |
Parameterize?
Efficiency?




Adaptive Mesh
Refinement

Algorithm
a posterion refinement

Tadnamii Mol

Froperties

+ Mass/Momentum conserving
- Well Balanced

« Accurate

= Weitling/drying

Reguirements

+ Smple Mgmthm
+ Effizien! Compastutun
+ Aecuraie Fesuls

+ Prsganation of Balancas\Consanaton

Galerkin Discretization (cont.)

Efficient Data Structures

- Bisectian refinerment
« et frst free eraversal
= SIEMINSKY CLrve

- Dt locsity

Tsunami wave propagation
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Requirements

For multiscale GFD we need:

- Simple Algorithm

- Efficient Computation

- Accurate Results

- Preservation of Balances/Conservation




Algorithm

a posteriori refinement




Efficient Data Structures

]
S0

. Bisection refinement

- Depth first tree traversal A

- Sierpinsky curve

- Data locality

J.B. et al., 2005; J.B./Bader, 2009



Tsunami wave propagation

Shallow water equations

0
8—¥+(V-V)v+gVn=R,
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Shallow Water Equations with P1-P1NC FEM



20480 cells uniform - 10576..24662 cells uniform .

FEM:

Adaptive: 15.8 s
Uniform: 173 s
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Galerkin Discretization

Test functions

[ (G +v-Fw) -s0))v,

Domain decomposition (elements)

Integration by parts

fﬂc (%—?_S(U))% afx—/ﬂ

e F* a numerical flux function

F(U) - V) dx = —j{ F*y; - n dS.
o0,

(=

¢ n outward normal vector



Galerkin Discretization (cont.)

Strong Form

ou

o at ?,bj dx = — /Q ) dx

(F*—F(U))vy; -ndS.
90

0%6\

Basis function expansion
U ~ Up(x, 1) ZUk )i (x

Mass maitrix inversion gives seml -discrete system of ODEs

oU;,,
5 H(Uy)



Properties

- Mass/Momentum conserving
- Well Balanced

- Accurate

- Wetting/drying
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Tsunami Model

Solve

oU
5 +V-F(U)=5(U)

with

U= (,f;) . F(U)= (hu@uh:l- gh%)’ 0= (—ggw’)
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Homogenization

Observation Example

carmpuie i ractinn

What is the effective model of this PDE as = — 07 o —

FUh o cower

‘

eatars AeaT fluxes
o coarze suale..,

(u{f)u;)__ —f, wel=[al],0<q<acL™(01])

The effective model is

not

200k

i
malehey, = L male) f iyl dy 11 geteaal e 2 A1
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Homogenization Idea

W have F.(x.} = 0 50 maybe
Find F* and »* so that . — «" and ¥. —» F* (in some sense) in the limit of
large range of scales, scale separafion with
F'iu") =10,

This is called effective madal.

Assume as our model

[uiins] = BN )y S el y
|\u[;]\l_.]r—,l. v b= D we L0 1)




w> 00¢

Example

compute ice fraction

70% ice cover

enters heat fluxes
on coarse scale...




Homogenization Idea

We have F_(u.) = 0 so maybe
Find F'* and «* so that u. — v* and F. — F* (in some sense) in the limit of
large range of scales, scale separation with
F*(u")=0.

This is called effective model.

Assume as our model

(a(f)ug)m —f, zel=[ab,0<q<ac L(0,1])



Observation

What is the effective model of this PDE as ¢ — 07?

(a(g)ui)m —f, zel=lab,0<qg<acL>(0,1))

The effective model is

1
ma(a)us,, = f, ma(a) = f a(y)dy  Ingeneral ma(a) > 72!
0

not




Multi-Scale FEM

Method - Idea Mathematics
ek | s Thegrers (o, 1965
Wit
=Tl ¥
i Tosopta
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Model Problem
SLMsR Result )
A e
SLMsR 2D
- e Naive Approach

Reconstruction

Multi-Scale FEM
Upscaling Result

Features

Warks, but:
+ BsEUMplions 10 fiow lield necessany
- mx direct generalizaiion te 20030
- needs scale separalion
= gonsenvation nol guarantesd

e
semi-Lagrangian reconstruction approach



Method - Idea

A P-FEM
MsFEM |
Model:
—V (A = f I -,
Idea: To capture the asymptotic e=m @ m Koma bea
structure of the solution modify the A MsFEM
basis

—V - (A°V™) =0 inK
vilox = pilok




Mathematics

Theorem (Hou/Wu, 1999)

Let u® € H?(Q) solve the model problem and u" € P" be the MSFEM
solution.
ThenifH < ¢

[uf —uP|| 0 < CH(Ju g2 + || £l 1) -

If H> e and u® € H?2 N W1 s the solution to the homogenized problem
then

1/2
[ — w2 g < CH+) 1Sl +C (5) " 6o



Model Problem

Advection-Diffusion Eq.

Qu(z,t) + c(x, t)O,u(z, t) = O (u(x, t)Opu(z, t)) + g(z), (x,t) € I x (0,T]
u(0,t) = u(l,t), te (0,7
u(z,0) = f(z), zel

Y= ;L-(;, t) diffusion

c=c(x, J’.f) wind
¢

Assumptions to the data

e < H
K H or 62 H

H resolved scale

T

00 0.2 0.4 06 0.8 L0

= reference
= Char-FEM, Elements: 10, order; 1

(=] = %] w &




Naive Approach

Mi'(ﬂ%ﬂf(t) + Nij (07, 7°) (t)us' (1) + Cij(t)uy (t) = Dij(t)uj’ (t)

where u" (z,t) = 3 ui (1) (x,1).

— Does not work since the domain is badly decomposed

Remedy

Majority of information in transported along characteristics: Pose local
problems with BCs on coarse scale characteristics.

1 A

/ My
J ) S
/ Y
> '/ ;
‘ (x,t)

c(t) or ¢ = e(x,t)
+ [y {e)(s)ds

clr,t) = const s

x(&,r)=E+er x(&,
e ry=r7 t(
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Multi-Scale FEM
Upscaling Result
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Features

Works, but:
- assumptions to flow field necessary
- No direct generalization to 2D/3D
- needs scale separation
- conservation not guaranteed

Remedy:
semi-Lagrangian reconstruction approach



Reconstruction

local
coarse cell 1S representations:

t’n
u"|k = Zj Ui k95 K
}

unknown
trace back
coarse cell
in time

tn K |
n—1| _ __ n—1 n—1
Ut g =2 uj,fffj,fi'
can be

reconstructed

known



1D Example

ug + [e(z,x /o, t)u] . = (u(z,x/e, t)uy), x € (0,1)

u(0,t) = u(1,t)
u(z,0) = f(x)
I 1
c(x,t) = 5 + 8(008(87r:v) + cos(627x) + cos(1507x))
p(x,t) = cos(107t)(0.01 + 0.009 cos(86mx))
ncoarse _ ]'O
Nfine = 60
Tmax =1

5t = 1/1000



SLMsR Result
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SLMsR 2D

ug + V- (c(x,x/6,t)u) =V - (A(x,z/e,t)Vu) + g ,x € T
u(z,0) = f(x)
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Conclusions

Downscaling:
- Adaptive Mesh refinement
- Efficiency
- Accuracy and Conservation

Upscaling:
- Homogeniztion viable approach (sometimes)
- Multiscale FEM in Lagrangian frame
- Multiscale reconstruction method
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